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�Transportation problems and the Arens-Eells embedding for non-archimedean

�elds�

This project is joint with Menachem Shlossberg (Reichman University, Israel) and is based
on our joint work [2]. We study a non-archimedean (NA) version of transportation problems
and introduce some related constructions. Among others :

• NA version of the Arens-Eells construction ;
• naturally arising ultra-norms which we call Kantorovich ultra-norms ;
• NA G-value (generalized integer value) property ;
• free NA locally convex spaces.

Theorem. For every NA valued �eld (e.g., the �eld Qp of p-adic numbers) and every ultra-
metric space the naturally de�ned inf-max cost formula for NA transportation problem achieves
its in�mum. This means that the NA transportation problem always has an optimal solution.

We present an NA version of the Arens-Eells embedding and introduce the naturally arising
Kantorovich ultra-(semi)norms, de�ned for an ultra-(pseudo)metric space (X, d) on free vector
spaces LF(X) via min-max formula. For an arbitrary NA valued �eld F and for any u ∈ LF(X)
the value of the Kantorovich ultra-(semi)norm ||u|| can be approximated as

||u|| = inf

{
max
1≤i≤k

|si|d(xi, yi) : u =

k∑
i=1

si(xi − yi), xi, yi ∈ supp(u), si ∈ F
}
.

Note that the analogous property in the archimedean case does not hold in general (i.e., for
F = C, the �eld of complex numbers), in contrast to the case F = R.

The in�mum here is, in fact, a minimum. This re�nement, which comes from Min-attaining
Theorem provides another contrast to the archimedean case. Indeed, the in�mum is not attained
for F = Q(i). Another re�nement concerns the coe�cients (the G-value property), that is, it is
enough to take the coe�cients from the additive subgroup Gu of F generated by the normal

coe�cients λi of u =
n∑

i=1

λixi. Namely, we show that

||u|| = min

{
max

1≤i,j≤m
|cij |d(xi, xj) : cij ∈ F, ∀i : 1 ≤ i ≤ n

m∑
j=1

cij −
m∑
j=1

cji = λi

}
,

such that all coe�cients cij belong to Gu. As a particular case we get an NA generalization of
the so-called integer value property (well known in case F = R).

We introduce the free NA locally convex spaces for NA uniform spaces and describe their
topologies in terms of Kantorovich ultra-seminorms. Using some ideas from [1] we show that
for an ultra-metric space (X, d) and a trivially valued �eld F, the free NA locally convex space
LF(X,U(d)) (of the uniformity U(d) of d) is even normable by the Kantorovich ultra-norm.

For a nontrivially valued NA �eld F, the dual NA Banach space of L0
F(X) can be identi�ed

with the NA Banach space Lip0 of all pointed Lipschitz functions f : (X,x0) → F.
Using Ostrowski's classical theorem we prove that in case F is an NA valued �eld of zero

characteristic, the uniform free NA abelian topological group ANA(X,U) is a topological sub-
group of LF(X,U) if and only if the restricted valuation on Q is trivial. For example, this is the
case for the Levi-Civita �eld.

We are going to discuss some possible developments and problems.
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